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ABSTRACT
We present an asymptotic fully polynomial time approxi-
mation scheme for two-dimensional strip packing with rota-
tions. In this problem, a set of rectangles need to be packed
into a rectangle (strip) of fixed width and minimum height,
and these rectangles can be rotated by 90◦. Additionally, we
present a simple asymptotic polynomial time approximation
scheme, and give an improved algorithm for two-dimensional
bin packing with rotations.

Categories and Subject Descriptors
F.2 [Analysis of algorithms and problem complexity]:
Nonnumerical algorithms and problems

General Terms
Algorithms

Keywords
strip packing, rotations, approximation scheme

1. INTRODUCTION
In strip packing, we receive a list L of items p1, p2, . . . , pn.

Each item is given by its width wi and height hi, and each
item pi must be assigned to a position (xi, yi), where xi ≥ 0,
yi ≥ 0, and xi + wi ≤ 1. Further, the positions must be
assigned in such a way that no two items in the strip overlap.
All items are placed aligned with the coordinate axes. The
goal is to minimize the maximum height that is reached by
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any item. This problem has many applications, for instance
cutting objects out of a strip of material in such a way that
the amount of material wasted is minimized.

In this paper, we consider the version of the problem
where an item may be rotated by 90◦ before it is packed.
If an item is rotated, we require xi + hi ≤ 1 instead of
xi+wi ≤ 1. This may allow for a better packing, but it com-
plicates the problem since the number of possible packings
is now a factor of 2n larger. In the above-mentioned appli-
cation, allowing rotations corresponds to assuming that the
material used for cutting is featureless (i.e., the orientation
of the items on the strip does not matter). In practice, it
is often important that cutting takes place along horizontal
or vertical lines. We therefore focus on the case where only
90◦ rotations are allowed.

The standard measure of algorithm quality for strip pack-
ing is the asymptotic performance ratio, which we now de-
fine. For a given input sequence σ, let A(σ) be the maxi-
mum height used by algorithm A on σ. Let opt(σ) be the
minimum possible height needed to pack σ. The asymptotic
performance ratio for an algorithm A is defined to be

R∞
A = lim sup

h→∞

sup
σ

(

A(σ)

opt(σ)

˛

˛

˛

˛

˛

opt(σ) = h

)

.

Coffman, Garey, Johnson and Tarjan [2] presented the al-
gorithms NFDH (Next Fit Decreasing Height) and FFDH
(First Fit Decreasing Height) for strip packing without ro-
tations and showed that their asymptotic performance ratio
are 2 and 1.7, respectively.

The ratio of 2 is also obtained by BLWD (Bottom Left-
most Decreasing Width) which was presented by Baker,
Coffman and Rivest [1]. An asymptotic fully polynomial
time approximation scheme for this problem was given by
Kenyon and Rémila [8].

The proofs for the upper bounds of NFDH and BLDW de-
pend only on area arguments and therefore also hold in this
case. An algorithm with asymptotic performance bound of
1.613 was presented by Miyazawa and Wakabayashi [11]. A
simple algorithm with an upper bound of 3/2 was presented
by Epstein and van Stee [3].

Our main result is the following. We denote by opt(L)
the height of the optimal strip packing of L which is a list
of rotatable items.

Theorem 1. There is an algorithm alg which, given a
list L of n rectangles with side lengths at most 1 that can
be rotated 90◦, and a positive number ε < 1/2, produces a
packing of L in a strip of width 1 and height alg(L) such



that

alg(L) ≤ (1 + ε)opt(L) + O

„

1

ε2

«

.

The time complexity of alg is polynomial in n and 1/ε.

This algorithm works in three phases: a linear program-
ming relaxation, a rounding phase and a strip packing phase
(without allowed rotations). The AFPTAS uses ideas from
[5, 6, 7, 8].

Additionally, we first present a simple asymptotic poly-
nomial time approximation scheme. For this we use the
algorithm from [8] as a subroutine. Basically we do a pre-
processing step to obtain a modified list of items with only
a constant number of different widths and heights. Then
the number of orientations for this modified set of items is
polynomial in n. For any fixed orientation, we can apply the
algorithm from [8]. The crucial point of the proof is to show
that we do not lose too much in the preprocessing step, and
therefore have a good approximation. The additive constant
for this APTAS is O(1/ε3). It is possible to get an additive
constant of O(1/ε2) also in this case, but at the cost of a
significantly more complex preprocessing step.

These results immediately imply an asymptotic (2 + ε)-
approximation algorithm for two-dimensional bin packing
with rotations (that runs also in time polynomial in 1/ε).
Previously Miyazawa and Wakabayashi [11] showed an up-
per bound of 2.64 for this problem, which was improved to
9/4 by Epstein and van Stee [3].

We begin by describing some of the methods used in [8]
which are also important in the current paper in Section
2. We then describe our APTAS in detail in Section 3 and
analyze it in Section 4. After that we describe our AFPTAS
in Section 5. Finally in Section 6, we describe the relation
to the two-dimensional bin packing problem with rotations.

2. METHODS
We describe some of the methods used in [8] which are also

important in the current paper. In this section, we assume
that items cannot be rotated (the setting from [8]).

Fractional strip packing
A fractional strip packing of L is a packing of any list L′

obtained from L by subdividing some of its rectangles by
horizontal cuts: each rectangle (wi, hi) is replaced by a

sequence of rectangles (wi, h
1
i ), (wi, h

2
i ), . . . , (wi, h

ki
i ) such

that
Pki

j=1 hj
i = hi.

In the case that L contains only items of m distinct widths
in (ε′, 1], where ε′ > 0 is some constant, it is possible to
find a fractional strip packing of L which is within 1 of the
optimal fractional strip packing fsp(L) in polynomial time.
Moreover, it is possible to turn this packing into a regular
strip packing at the loss of only an additive constant 2m.
Denote the height of the optimal strip packing for L by
opt(L). We conclude that we find a packing with height at
most

fsp(L) + 1 + 2m ≤ opt(L) + 2m + 1. (1)

Modified NFDH (Next Fit Decreasing Height)
This is a method for adding narrow items (items of width at
most ε′) to a packing of wide items such as described above.
Such a packing leaves empty rectangles at the right side of
the strip.

Each of these rectangles is packed with narrow items us-
ing NFDH (starting with the highest narrow item in the first
rectangle). Wenn all rectangles have been used, the remain-
ing items (if any) are packed above the packing using NFDH
on the entire width of the strip. For further details, we refer
to [8].

Grouping and rounding
This method is a variation on the linear rounding defined by
Fernandez de la Vega and Lueker [4]. It works as follows.

We stack up the rectangles of L by order of non-increasing
widths to obtain a left-justified stack of total height h(L).
We define m − 1 threshold rectangles, where a rectangle is
a threshold rectangle if its interior or lower boundary inter-
sects some line y = ih(L)/m for some i ∈ {1, . . . , m−1}. We
cut these threshold rectangles along the lines y = ih(L)/m.
This creates m groups of items that have height exactly
h(L)/m.

First, the widths of the rectangles in the first group are
rounded up to 1, and the widths of the rectangles in each
subsequent group are rounded up to the widest width in that
group. This defines L+.

Second, the widths of the rectangles in each group are
rounded down to the widest width of the next group (down
to 0 for the last group). This defines L−.

It is easy to find a strip packing for L− using the methods
from [8] (reduction to fractional strip packing). Moreover,
it can be seen that the stack associated with L+ is exactly
the union of a bottom part of width 1 and height h(L)/m
and the stack associated with L−. Thus

fsp(L) ≤ fsp(L+) = fsp(L−) +
h(L)

m
. (2)

Partial ordering
We say that L ≤ L′ if the stack associated to L (used for
the grouping above), viewed as a region of the plane, is
contained in the stack associated to L′. Note that L ≤
L′ implies that fsp(L) ≤ fsp(L′). As an example, in the
grouping above we have

L− ≤ L ≤ L+.

3. A SIMPLE APTAS

3.1 Definitions
Since the input rectangles may be rotated, we define ar-

bitrarily that the width is the shorter side of the rectangle.
(It may be that the item is packed such that the width is
the vertical size.) Thus for each rectangle, 0 < wi ≤ hi ≤ 1.

We define

HL =
n

X

i=1

hi .

This is the height of a stack of the items in L when all these
items are placed with hi as their vertical dimension, and is
an upper bound for the height of any stack of items in L.

Let A(L) denote the total area of the items in L. This is
independent of rotations.

We need to pack the items in L into a strip of width 1
and unbounded height. We will use the following constants
in our algorithm: ε′ which is the cutoff width for “small”
rectangles, and m = (1/ε′)3 which is the number of groups



used in the rounding described in the previous section. The
value ε′ will be determined by the desired approximation
accuracy ε.

3.2 Few and wide items
We are given n items with m1 different heights and m2

different widths. All widths (and heights) are at least ε′ and
at most 1. There are at most m1m2 groups of items, where
each group contains identical items. Denote the number of
items in group i by ni (i = 1, . . . , m1m2). Then for group i,
there are at most ni +1 possibilities with regard to the rota-
tion. If the items in this group are squares, the orientation
of the items does not matter (there is only one orientation).
Otherwise, we can place ki items such that the width is the
vertical dimension and ni − ki items such that the height is
the vertical dimension, for each ki = 0, 1, . . . , ni.

In total, this implies we have

m1m2
Y

i=1

(ni + 1)

distinct possibilities for the orientations of the items. Each
such possibility is called an orientation of the input list L.
It can be represented by a vector v with m1m2 coordinates.

After an orientation of the list has been fixed, we can
find a nearly optimal solution for packing these items us-
ing a reduction to fractional strip packing as in [8]. Since
Pm1m2

i=1 ni = n, the number of orientations is polynomial in
the number of items: it is at most

„

n

m1m2
+ 1

«m1m2

which is polynomial in n for given (fixed) m1 and m2. Thus
we can find the (nearly) best possible packing for these items
in polynomial time by solving all the fractional strip packing
problems.

Equation (1) implies that for a given, fixed orientation v
of the items, this gives us a packing with height at most

fsp(L,v) + 2m(v) + 1 ≤ opt(L,v) + 2m(v) + 1, (3)

where fsp(L,v) and opt(L,v) are the optimal fractional
strip packing and the optimal strip packing for the input
list L using orientation v, respectively, and m(v) ≤ m1m2

is the number of distinct widths in orientation v.

3.3 Rounding procedure
First, the input list Lgeneral will be partitioned into two

sublists. Lnarrow will contain all items with width at most ε′

and L will contain all other items. The items in Lnarrow will
be ignored for the time being. The dimensions of the items
in L are going to be rounded up according to a procedure
which we will now describe.

We are going to start by applying a geometric rounding
to both heights and widths. In this way, we obtain an in-
put instance with a limited number of distinct heights and
widths, of which the total area is still close to the total area
of the original input instance.

However, this is by itself not enough to ensure that the
solution of the (fractional) strip packing problem for this
modified problem instance is close to the real solution. Sup-
pose we fix an orientation and the problem instance contains
many items of horizontal size just smaller than 1/2. If these
widths get rounded up to a value which is just larger than

1/2, it is clear that the height of the optimal strip packing
may change by an arbitrarily high amount.

In the original paper [8], this problem was solved by trans-
forming adjustments of the widths (horizontal sizes) into a
vertical adjustment of the problem instance, for which it
was trivial to calculate the effect on the height of the op-
timal strip packing. To enable us to do this in the current
problem, we are going to do something similar: in fact our
rounding is going to be a mixture of geometric rounding and
the grouping and rounding method from [8]. We formalize
this idea below.

Let I be the set L∪ rotate(L). That is, for each rectangle
(wi, hi) in L, I contains both (wi, hi) and (hi, wi). Thus
|I| = 2|L|.

From I we can obtain a modified list I+ such that I ≤ I+,
as described in section 2. We use m−1 threshold rectangles
at heights y = ih(I)/m for i = 1, . . . , m − 1.

Consider a rectangle (wi, hi) in L. Suppose that in I, the
first corresponding rectangle (wi, hi) has been rounded to
(w′

i, hi) while the other rectangle, (hi, wi), has been rounded
to (h′

i, wi). We then round the original rectangle (wi, hi) to

(min(w′
i, w̃i), min(h′

i, h̃i)),

where x̃ is the first power of 1/(1+ ε′) greater than or equal
to x.

Property 1. The number of groups created in the round-
ing procedure is bounded by a constant.

Proof. The rounding is only applied to items that have
height and width larger than ε′. Thus the highest class that

can contain items is m′ which is the solution of (1+ε′)−m′

=
ε′. We find

m′ =
− log ε′

log(1 + ε′)
≈

1

ε′
log

1

ε′
<

m

50

for ε′ < 1/12 (recall that m = (1/ε′)3). The grouping and
rounding allows at most m additional different widths and
heights, since there are m − 1 threshold rectangles.

This implies that the number of different widths, as well
as the number of different heights, is bounded by

m + m′ <
51

50
m

for ε′ < 1/12.

3.4 Algorithm
The algorithm is summarized in Figure 1.

4. ANALYSIS OF THE APTAS
In this section, we will prove the following theorem.

Theorem 2. There is an algorithm alg which, given a
list L of n rectangles with side lengths at most 1 that can
be rotated 90◦, and a positive number ε < 1/2, produces a
packing of L in a strip of width 1 and height alg(L) such
that

alg(L) ≤ (1 + ε)opt(L) + O

„

1

ε3

«

.

The time complexity of alg is polynomial in n.

The remarks in Section 3.2 immediately imply that the
running time of our algorithm is polynomial in n for any



Parameter: ε′, the threshold between narrow and wide.
We use ε′ = ε/5.
Input: a list Lgeneral of rotatable rectangles. Each rect-
angle is denoted by (wi, hi) where 0 < wi ≤ hi ≤ 1.

1. Let Lnarrow be the set of items i in Lgeneral for
which wi ≤ ε′, and let L = Lgeneral\Lnarrow.

2. For each item in L, round up the height and the
width according to the rounding procedure de-
scribed in Section 3.3.

3. For every possible orientation of the rounded list
L′, do the following:

(a) Find a nearly optimal packing for L′, using
the fractional bin packing solution.

(b) Add narrow rectangles to layers using Modi-
fied NFDH.

4. Output the best packing found in Step 3.

Figure 1: The APTAS summarized

fixed ε > 0. It is left to show the upper bound on the
asymptotic performance ratio. We begin by proving two
auxiliary lemmas.

Lemma 1. Denote by M the set of rectangles L in optimal
orientation, i.e. the orientation which allows the shortest
strip packing. The list L′ obtained after the grouping in
Step 2 of the algorithm, considered in the same orientation
as M , is such that

fsp(L′) ≤

„

1 + ε′ +
4

(ε′)2m

«

fsp(M)

and

A(L′) ≤

„

1 + ε′ +
4

(ε′)2m

«

A(M).

Proof. From M we can obtain a modified list M+, as
described in section 2. This time we define mε′/2 threshold
rectangles intersecting the lines

y =
2HM

ε′m
i i = 0, . . . ,

mε′

2
.

We define M+ by increasing the width of each rectangle to
the width of the second threshold rectangle below it. By
(2), we have

fsp(M+) ≤ fsp(M) +
4HM

ε′m
. (4)

However, we do not necessarily have that L′ ≤ M+, because
item sizes were rounded up in both dimensions to get L′. To
get a larger list, we multiply the vertical sizes of all items in
M+ by 1 + ε′. This gives us a list M++. It is clear that an
equal scaling of the vertical size of all the items implies that
the optimal fractional strip packing solution is scaled up by
the same amount, i.e. by 1 + ε′. We conclude

fsp(M++) = (1 + ε′)fsp(M+). (5)

We claim that M++ ≥ L′.
Clearly, the stack for L′ is not higher than the stack for

M++, since both dimensions of items in L′ were increased

by at most a factor of (1 + ε′). To see that the stack is also
nowhere wider than the stack of M++, consider the width
of an item i in L′. This width is at most equal to wj , the
width of a threshold rectangle j in the stack for I (and not
for L′). Note that items i and j are separated by a stack of
height at most HI/m in the I-stack.

The M -stack is a subset of the I-stack, and in the M -
stack, item i is separated from its second-below threshold
rectangle by a stack of height at least

2HM

ε′m
.

Finally, we have

HM ≥ ε′HL ≥ ε′HI/2,

where the first inequality follows because all items have
width at least ε′, and the second inequality follows because
in the L-stack, all items are placed with their height (largest
dimension) vertically.

This implies that 2HM/(ε′m) ≥ HI/m. Therefore the
width of the second threshold rectangle below item i in the
M -stack has width at least wj , which shows that the item
i in L′ does not extend further to the left than in M . This
proves

M++ ≥ L′. (6)

We conclude that

fsp(L′) ≤ fsp(M++) by (6)

= (1 + ε′)fsp(M+) by (5)

≤ (1 + ε′)

„

fsp(M) +
4HM

ε′m

«

by (4).

It can be seen that these statements are also valid if we
replace fsp(·) by A(·) everywhere. Since all rectangles have
width at least ε′, we have ε′HM ≤ A(M) ≤ fsp(M). This
implies the statements of the lemma.

The following lemma follows from Lemma 4 in [8].

Lemma 2. For a fixed orientation, let L′′ = L′∪Lnarrow.
If the height hf at the end of Step 3(b) is larger than the
height h′ of the packing for L′, then

hf ≤
A(L′′)

1 − ε′
+

102

25
m + 1.

Proof. The proof in [8] shows that in this case, nearly
all the area in the packing is covered by items, apart from
an additive constant which is determined by the number of
different widths in the input sequence.

We now find 102
25

m + 1 instead of the original 4m + 1 be-

cause by Property 1, there are at most 51
50

m different widths
in any orientation. By the results in [8], the number of layers
in the strip packing for L′ is bounded by twice the number of
different widths, and at each interface between layers, there
is a height of at most 2 which is not used by NFDH.

Lemma 1 implies that

A(L′′) ≤ A(Lgeneral)

„

1 + ε′ +
4

(ε′)2m

«

.

Therefore if hf > h′, we have

hf ≤
A(Lgeneral)

1 − ε′

„

1 + ε′ +
4

(ε′)2m

«

+
102

25
m + 1. (7)



We are now ready to prove Theorem 2. Consider the
orientation of the items in L in the optimal strip packing,
i.e. the list M . At some point, our algorithm will try an ori-
entation of L′ which corresponds to this orientation. From
here on, we only consider the height of the packing that our
algorithm finds for this particular orientation. Clearly, the
height that it outputs in Step 4 cannot be higher than this.

By (7), we have either alg(L) ≤ h′ or

alg(L) ≤

„

1 + ε′ +
4

(ε′)2m

«

A(Lgeneral)

1 − ε′
+

102

25
m + 1

where h′ is the height of the strip packing produced in Step
3(a) of the algorithm. By (3) and Lemma 1, using as in
Lemma 2 that the number of different widths is at most
51
50

m in any orientation, we find

h′ ≤ fsp(L′) +
51

25
m + 1

≤

„

1 + ε′ +
4

(ε′)2m

«

fsp(M) +
51

25
m + 1

≤

„

1 + ε′ +
4

(ε′)2m

«

opt(M) +
51

25
m + 1

≤

„

1 + ε′ +
4

(ε′)2m

«

opt(Lgeneral) +
51

25
m + 1.

Since A(Lgeneral) ≤ opt(Lgeneral), this implies

alg(L) ≤

„

1 + ε′ +
4

(ε′)2m

«

opt(Lgeneral)

1 − ε′
+

102

25
m + 1.

Taking m = (1/ε′)3 and ε′ = ε/(6 + ε), this implies that

alg(Lgeneral) ≤ (1 + ε)opt(Lgeneral) +
1121

ε3
+ 1

for ε < 1/2. This proves Theorem 2.

5. THE AFPTAS

5.1 LP relaxation
Let Lgeneral be the set of all rectangles {p1, . . . , pn}. A

configuration C is given by two disjoint sets (A,B): a set of
non-rotated rectangles A ⊂ {p1, . . . , pn} and a set of ro-
tated rectangles B ⊂ {p1, . . . , pn} that have total width
P

pj∈A
wj +

P

pj∈B
hj ≤ 1. Let C be the set of all con-

figurations.
We use the following linear program relaxation of strip

packing with rotations:

Min
X

C∈C

xC

s.t.
1

hj

X

C=(A,B):pj∈A

xC

+
1

wj

X

C=(A,B):pj∈B

xC ≥ 1 j = 1, . . . , n,

xC ≥ 0, ∀C ∈ C.

(8)

The variable xC in the linear program indicates the total
space reserved for configuration C ∈ C. The objective value
P

C∈C xC is the total height of the packing (where we im-
plicitly allow to rotate a rectangle and to cut a rectangle into
several pieces). The inequality for rectangle pj can be inter-
preted as follows: the first term 1/hj

P

C=(A,B):pj∈A
xC and

the second term 1/wj

P

C=(A,B):pj∈B
xC is the non-rotated

and rotated fraction of the rectangle pj .
Let LINR(Lgeneral) be the minimum objective value of

the linear program (8).
We note that LINR(Lgeneral) ≤ OPT (Lgeneral) where

OPT (Lgeneral) is the height of an optimum strip packing
with allowed 90 degrees rotations. To see this consider an
optimum solution of this strip packing problem (with corre-
sponding values x̄C). In this solution each rectangle is either
rotated or not. If pj is non-rotated, then

P

C=(A,B):pj∈A
x̄C

≥ hj . In the other case (if Rj is rotated)
P

C=(A,B):pj∈B
x̄C

≥ wj . Therefore the inequalities are satisfied for all rectan-
gles, and this implies the lower bound.

The linear program (8) can be transformed into a max-
min resource sharing problem with one block and n cover-
ing constraints [6, 7]. Using the Lagrangian decomposition
method the max-min resource sharing problem can be solved
approximately with accuracy in O(n(ρ−2 + ln n)) iterations
or coordination steps [5], each requiring for a given price
vector y = (y1, . . . , yn) and ρ′ = ρ/6 an (1 − ρ′) approxi-
mate solution of a multi-choice knapsack problem with two
choices per item:

Max
n

X

j=1

yj

hj

yj,0 +
yj

wj

yj,1

s.t.
n

X

j=1

wjyj,0 + hjyj,1 ≤ 1,

yj,0 + yj,1 ≤ 1, j = 1, . . . , n,
yj,0, yj,1 ∈ {0, 1}, j = 1, . . . , n.

(9)

Lawler [9] showed that an (1 − ρ′)-approximate solution
of this Knapsack Problem can be computed in O(n2/ρ′)
time. The overhead (i.e. the numerical calculations) per
iteration in [5] can be bounded by O(n ln ln(n/ρ)) that is
less than the running time required by the knapsack sub-
routine. This implies that the linear program (8) can be
solved approximately with multiplicative accuracy (1+δ) in
O(n3(δ−2 + lnn)δ−1) time (where ρ = 3δ/20 and δ ≤ 1).

5.2 Rounding the LP solution
Let hmax = maxj max{hj , wj}. For each rectangle pj and

each choice ` ∈ {0, 1} we define two fractions

xj,0 =
1

hj

X

C=(A,B)∈C:pj∈A

xC

xj,1 =
1

wj

X

C=(A,B)∈C:pj∈B

xC .

W.l.o.g. we suppose that xj,0 + xj,1 = 1. Then we con-
struct an instance I of a strip packing problem with rectan-
gles (wj , xj,0 ·hj ) of height xj,0hj and width wj (if xj,0 > 0)
and rectangles (hj , xj,1 · wj) of height xj,1wj and width hj

(if xj,1 > 0).
Let Lnarrow = {(x, y) ∈ I|x ≤ ε′, j = 1, . . . , n} and L =

I − Lnarrow. For the set L of wide rectangles we construct
a left-justified stack of height h(L) and split the stack into
m = (1/ε′)2 groups of equal height h(L)/m (here we divide
again the threshold rectangles into two pieces). Let ai, bi

be the smallest and largest width of group i. Let Wj,i ⊂
{hj , wj} be the set of widths in group i corresponding to
rectangle pj (i.e. Wj,i stores implicitly the rotated or non-
rotated rectangle pieces corresponding to pj). For the set



Lnarrow we compute the total area

A(Lnarrow) =

n
X

j=1

2

4

X

wj≤ε′

xj,0hjwj +
X

hj≤ε′

xj,1hjwj

3

5

and place the corresponding rectangles in group 0.
For each group i ∈ {0, . . . , m} and rectangle pj let zj,i =

P

w:w∈Wj,i
yj,i(w) be the fraction of the original rectangle pj

placed in group i (where yj,i(w) is the fraction of rectangle
pj with width w ∈ {wj , hj} placed in group i). Consider the
case that we have either a non-rotated or a rotated piece of
pj in group i (i.e. Wj,i = {wj} or Wj,i = {hj}). In this case
we set Hj,i = hj (if pj is non-rotated) and Hj,i = wj (if pj

is rotated).
The goal is now to get an unique orientation for almost

all rectangles. To obtain such an assignment we do the fol-
lowing steps:

(1) for each group i ∈ {1, . . . , m} and rectangle pj with
two pieces (rotated and non-rotated) in group i : re-
place them by one rectangle

(max(hj , wj), zj,i min(hj , wj))

of width max(hj , wj) and height zj,i min(hj , wj) . In
this case Hj,i = min(hj , wj), zj,i = yj,i(wj) + yj,i(hj)
and Wj,i = max(hj , wj).

(2) for each rectangle pj with two choices in group 0: re-
place them by one rectangle (wj , zj,0 hj).

(3) round all tasks over the groups using a general assign-
ment problem:

n
X

j=1

zj,0hjwj ≤ A(Lnarrow)

n
X

j=1

zj,iHj,i ≤ h(L)/m i = 1, . . . , m

m
X

i=0

zj,i = 1 j = 1, . . . , n

zj,i ≥ 0 j = 1, . . . , n,
i = 1, . . . , m.

(10)

This problem formulation is closely related to scheduling
tasks on unrelated machines; i.e. with m + 1 machines and
makespan as objective function [10]. One can round now
the variables zj,i such that there are at most m fractional
variables. Let F be the set of rectangles pj with fractional
values z′

j,i ∈ (0, 1) after the rounding. After removing these
rectangles we have an unique orientation (either rotated or
non-rotated) for each remaining rectangle. The rectangles
in F can be placed on top of the packing with additional
height bounded by mhmax ≤ m (using hmax ≤ 1). We
have obtained now a strip packing instance with a set L′ =
{(Wj,i, Hj,i) : z′

j,i = 1, i ≥ 1} of wide rectangles and a set
L′

narrow = {(wj , hj) : zj,0 = 1} of narrow rectangles.
Our algorithm computes (L′)+ by producing a new stack

packing. In this way an instance of the strip packing prob-
lem with at most m = (1/ε′)2 distinct widths is generated.
Finally we apply the approximation algorithm for strip pack-
ing [8] for the instance (L′)+ ∪L′

narrow (with multiplicative
accuracy (1 + δ) in the fractional strip packing phase and
m = (1/ε′)2 groups).

5.3 Algorithm
Our approximation algorithm works now as follows:

Input: a list Lgeneral of n rectangles pj with height hj and
width wj where hj , wj ∈ (0, 1],

(0) set δ = min(1, ε/8), ε′ = δ/(δ + 2), and m = (1/ε′)2,

(1) compute a (1 + δ) approximate solution of the linear
program relaxation (8) and compute the values

xj,0 =
1

hj

X

C=(A,B):pj∈A

xC

xj,1 =
1

wj

X

C=(A,B):pj∈B

xC

for each rectangle pj ,

(2) construct an instance I with rectangles (wj , xj,0 · hj)
and (hj , xj,1 · wj) (for xj,` > 0), and let L = {(x, y) ∈
I : x > ε′} and Lnarrow = {(x, y) ∈ I : x ≤ ε′},

(3) use the rounding technique to obtain a strip packing
instance (with a set L′ of wide and a set L′

narrow of
narrow rectangles) and a set F of rectangles pj with
fractional values z′

j,i ∈ (0, 1),

(5) construct instance (L′)+ ∪ Lnarrow and apply the ap-
proximation algorithm for strip packing by Kenyon
and Remila [8],

(6) place the rectangles in F on top of the packing.

5.4 Analysis of the AFPTAS
To prove the upper bound for the total height of the pack-

ing we use the following inequalities:

(1) L′ ≤ (L)+

(2) A(L+) ≤ A(L)

„

1 +
1

mε′

«

(3) FSP (L+) ≤ FSP (L)

„

1 +
1

mε′

«

(4) FSP (L) ≤ LINR(Lgeneral)(1 + δ)

(5) A(L ∪ Lnarrow) ≤ LINR(Lgeneral)(1 + δ)

where FSP (L) and LINR(Lgeneral) is the optimal objective
value of the fractional strip packing for L and of the linear
program relaxation for Lgeneral, respectively.

The fractional strip packing algorithm for (L′)+ computes
a solution of height (1 + δ)FSP ((L′)+) with at most m =
(1/ε′)2 non-zero variables. This solution is transformed into
an integral strip packing of height

hwide ≤ (1 + δ)FSP ((L′)+) + 2m

≤ (1 + δ)2
„

1 +
1

mε′

«2

LINR(Lgeneral) + 2m.

In a similar way, we have for the total area

A((L′)+ ∪ L′
narrow) ≤ (1 + δ)

„

1 +
1

mε′

«2

LINR(Lgeneral).

The integral strip packing (see algorithm by [8]) constructes
a nice packing for the wide rectangles and leaves a well struc-
tured free space for the narrow rectangles. Therefore the



final height hfinal (after placing the narrow rectangles and
adding the rectangles in F) is at most

max

"

(1 + δ)2
„

1 +
1

mε′

«2

LINR(Lgeneral) + 3m,

A((L′)+ ∪ L′
narrow)

1 − ε′
+ 5m + 1

–

≤ (1 + ε)OPT (Lgeneral) + O(1/ε2)

using ε′ = δ/(δ + 2), δ = min(1, ε/8) and m = (1/ε′)2 =
O(1/ε2). This proves Theorem 1.

6. TWO-DIMENSIONAL BIN PACKING
WITH ROTATIONS

We conclude by giving an upper bound of 2 + ε for two-
dimensional bin packing with rotations.

Take ε̃ = ε/2. Suppose our algorithm with as input pa-
rameter ε̃ gives a strip packing with a height of H for a given
set of items. Denote the height of the optimal strip packing
by H ′. We have

H ≤ (1 + ε̃)H ′ + O

„

1

ε̃2

«

.

Given this strip packing, we can define cuts at all integer
heights. Then starting from the cut at height 1, we can
allocate the items to square bins as follows: put all the items
below this cut into a separate bin (the upper edge of some
of these items may coincide with the cut), and put all the
items that intersect the cut into another bin. Continue with
the next higher cut until all items are packed into bins.

Using the above method, we put the items into at most
2H bins. Additionally, there does not exist a packing into
bins which uses less than H ′ bins, because such a packing
could trivially be turned into a strip packing that uses a
height at most H ′ − 1, which is a contradiction.

Thus the number of bins that we use to pack the items
is at most 2 + 2ε̃ = 2 + ε times the optimal number of bins
required for these items, plus an additive constant.
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